We compute the asymptotical growth rate of a large family of Uq(sl 2 ) 6j-symbols and we interpret our results in geometric terms by relating them to the volumes of suitable hyperbolic objects. We propose an extension of S. Gukov's generalized volume conjecture to cover the case of hyperbolic links in S 3 or #k <S 2 × S 1 >. We prove this conjecture for the infinite family of universal hyperbolic links.
Introduction
Since its discovery in the early eighties, the Jones polynomial of links in S 3 has been one of the most studied objects in low-dimensional topology. Despite this, at present, it is not yet completely clear which topological information is carried by this invariant and more in general by the larger family of quantum invariants. One of the most important conjectural relations between the topology of a link in a manifold and its quantum invariants has been given by Kashaev through his Volume Conjecture for hyperbolic links L in S 3 ([12] ), based on complex valued link invariants < L > d constructed by using planar (1, 1)-tangle presentations of L and constant Kashaev's R-matrices ( [13] ). Later ) identified Kashaev's invariants as special evaluations of certain colored Jones polynomials, and extended the Volume Conjecture to non-necessarily hyperbolic links in S 3 by replacing the hyperbolic volume of S 3 \ L with the normalized Gromov norm:
We refer to Section 5 for further comments (see Conjecture 5.4) and for the proof of the following (Theorem 5.5): Theorem 1.3. Conjecture 1.2 is true for the infinite family of universal hyperbolic links.
Since our formulation of the Jones invariants is based on 6j-symbols of U q (sl 2 ), in order to prove our conjecture we study in depth their asymptotical behavior and relate it with the volumes of suitable ideal hyperbolic octahedra. More explicitly we study the following: Question 1.4 (Asymptotical behavior of 6j-symbols). Given θ ∈ R 6 + and a sequence b n = (b n 0 , b n 1 , b n 2 , b n 3 , b n 4 , b n 5 ) ∈ N 6 , n ∈ N such that lim n→∞ b n i n = θi 2 . What is the asymptotical behavior of the lowest order term of the Laurent series expansion around q = exp( 2π
when n → ∞?
An answer to Question 1.4 has been provided by Y.Taylor and C.Woodard ( [28] ) in the case when θ satisfies a set compatibility conditions we called "Reshetikin-Turaev" conditions. Their result shows that, in that case, the asymptotical behavior is governed by the geometry of a spherical tetrahedron whose edge lengths are proportional to θ and so, in particular, not by an hyperbolic object!
In the present paper we study a completely disjoint set of cases: we define different compatibility conditions (see Definition 3.2) identifying a set of θ ′ s which we called hyperbolic and study Question 1.4 for this set. The θ ′ s we consider are such that if we let T ( θ) ⊂ H 3 be a tetrahedron whose dihedral angles are π − π 2 θ i , T ( θ) is hyperideal (i.e. in the Klein model its vertices are out of H 3 and the truncations are realized by means of geodesic planes). Recall that Murakami and Yano ([21] ) provided a symmetric, real analytic formula for the volume of a proper (i.e. entirely contained in H 3 ) hyperbolic tetrahedron; later A. Ushijima ([29] ) proved that the same formula computes the volume of the tetrahedron even when it is hyperideal. We prove the following (Theorem 3.12 below): Theorem 1.5. Let θ ∈ R 6 + be a hyperbolic 6-uple, and let b n = (b n 0 , b n 1 , b n 2 , b n 3 , b n 4 , b n 5 ) ∈ N 6 , n ∈ N such that lim n→∞ where V ol is the hyperbolic volume.
The above result gives an answer to a question asked by Taylor and Woodward (Question c, [28] ). In order to relate this result to the Generalized Volume Conjecture for universal hyperbolic links, we study the geometry of the complements of these links in detail. More precisely, in [7] we showed that if L is a universal hyperbolic link in N = #k <S 2 × S 1 >, then N \ L can be decomposed into the union of geometric blocks each composed of the double of a regular ideal octahedron, which, from now on, we will call O-blocks. In Section 2 we study the set of all the geometric structures on a O-block and we pay particular attention to the deformations of the (unique) complete geometric structure. These deformations are the key tool to study the Generalized Volume Conjecture. A O-block has 6 annular cusps so that one can define the dilation factor as the map associating to each geometric structure on a O block an element of C 6 corresponding to the 6 dilation factors of the holonomies around the cores of the cusps. In Theorem 2.5 we prove that the geometric structures of a O block can be parametrized by the dilation factors and, when these are all unit complex numbers, the parametrization provides explicit shapes for the octahedra composing the block. In Theorem 3.13, we prove that limit computed in Theorem 1.5 can also be expressed in terms of the volume of a suitable O-block. The following is a very simplified statement of Theorem 3.13: Theorem 1.6. Let θ be a hyperbolic six-uple such that θ 0 = θ 3 = θ 1 = θ 4 = 1. Then, 2V ol(T ( θ)) is equal to the volume of the O block whose dilation factors are (1, 1, e (2πiθ3−2π) , 1, 1, e (2πiθ5−2π) ).
The fact that a same number is the volume of a hyperbolic tetrahedron and of a pair of ideal octahedra is not surprising in light of Doyle and Leibon's results ( [8] ) proving that, in H 3 , twice a tetrahedron is scissor congruent to the sum of two suitable ideal octahedra.
Definition 2.1. Let O + and O − be the octahedra of Figure 1 oriented in opposite ways, whose faces are colored in black and white as in a checkerboard. A O-block is the (non-compact) topological space obtained by identifying O + and O − along the white faces (also called "internal faces") through the identity map and removing the vertices. The external boundary of O, denoted ∂ e O is the union of the black faces and is formed by four thrice punctured spheres. The link of the vertices is formed by 6 disjoint annuli C i , i = 0, . . . , 5 called cusps whose core curve c i are oriented as indicated in Figure 1 .
Let us now triangulate a O-block and fix the notation for it. Let i, i = 0, . . . , 5 be the vertices of O + (or, indifferently, O − ) as indicated in Figure 1 . Let us triangulate O ± in four tetrahedra by adding the edge 03 to both of them and let A = 0123, B = 0234, C = 0434, D = 0531 be the tetrahedra in O + and E = 0123, F = 0135, G = 0543, H = 0423 be the corresponding ones in O − . The six cusps inherit the triangulations of Figure 2 ; in the figure, the thin edges of the rectangles are to be identified in order to get the annuli C i and the thick ones correspond to ∂ e O. Before proceeding, let us recall the following standard:
Let T be an oriented tetrahedron with edges e 0 , e 1 , e 2 and e ′ 0 , e ′ 1 , e ′ 2 so that e i is opposed to e ′ i and e 0 , e 1 , e 2 share a common endpoint in which their incoming directions form a positive basis. A module for T is the assignment of complex numbers to the edges of T so that:
• m(e i ) = m(e ′ i ), i = 0, 1, 2; • m(e i+1 ) = 1 1−m(ei) (mod 3). In Figure 2 we fix names for the moduli assigned to each edge of each tetrahedron; so, for instance, a 0 is the complex number associated to the edge 01 in A. Let m i be the dilation factor of c i , that is the product of the moduli of the triangles of the cusp C i met by c i ; remark that the dilation factor is the square of the linear part of the holonomy of the geometric structure around m i (see Chapter 4 of [25] for a detailed account). Definition 2.3. A geometric structure on a O-block is the datum of a O-block triangulated as above and moduli for its tetrahedra so that the following two equations are satisfied:
The dilation factors of a geometric O-block are the 6 complex numbers m i , i = 0 . . . 5 associated as explained above to the 6 oriented curves c i . The complete structure of a O-block is the geometric structure with a 0 = b 0 = c 0 = d 0 = f 0 = g 0 = h 0 = √ −1; note that the dilation factors of the complete structure are all equal to 1 and the dihedral angles of each edge of O ± are π 2 . A natural topology can be given to the set G of all the geometric structures on a O-block viewing it as an algebraic subset of C 8 . The following result shows that, at least in a neighborhood of the complete structure, this set is a smooth 12-dimensional real manifold and it can be parametrized by the dilation factors.
Theorem 2.4. There exists neighborhoods U of 1 ∈ C 6 and W of the complete structure in G and a smooth homeomorphism φ : U → W such that φ( 1) is the complete structure.
Proof of 2.4. Looking at Figure 2 we can express the dilation factors in terms of the moduli of O as follows:
√ −1 and using the compatibility equations, one sees that the map ψ : G → C 6 given by the l.h.s. of the above equations has invertible differential and hence is a local diffeomorphism: its inverse is φ.
2.4
2.2. The case of dilation factors in T 6 . Theorem 2.4 does not give an explicit way of calculating the moduli of the geometric structure associated to a given set of dilation factors. In what follows we solve this problem in the particular case when all these factors belong to the unit circle in C, so, from now on, let m i = e 2π √ −1θi−2π , i = 0 . . . 5; let also T 6 ⊂ C 6 be the torus of points having all unit length coordinates. The equations expressing the dilation factors of a geometric structure in terms of its moduli can be rewritten in terms of the arguments and norms of the moduli as follows:
Compatibility Eqns
Arguments of Dilation F actors 
is composed by two copies of the octahedron in the right part of Figure 3 . In particular, the moduli of the geometric structure φ( m) are the solutions to the following equations:
sin(â2)sin(b2)sin(ĉ2)sin(d2) = 1 Proof of 2.5. Let us first suppose that the above equations are satisfied and check that then both the compatibility equations and the holonomy equations of the geometric structure associated to m are satisfied. The first 4 equations are equivalent to the following ones:
So, for what concerns the compatibility equations, it is sufficient to check that a 0 b 0 c 0 d 0 = 1: this is assured by the fact thatâ 0 +b 0 +ĉ 0 +d 0 = 2π (eqns 5-8 above) and by equation 15. Similarly, for what concerns the equations for the norms of the dilation factors one can easily check that all of them are satisfied because, in each of them, each angle in the numerator appears also in the denominator of the l.h.s. To conclude, let us note that the angle equations for the dilation factors reduce to equations 9 to 14.
Let us now prove that a solution to the above equations can indeed be found if m is in a small neighborhood of 1 ∈ T 6 . Equations 1 to 4 can be satisfied suitably choosing e 0 , f 0 , g 0 and h 0 (these variable do not appear elsewhere in the above equations). Now, equations 5 to 14 form a system of 10 affine equations in the arguments of a * , b * , c * and d * , to which the triangle equationŝ a 0 +â 1 +â 2 = π (and so on) should be added. The system has a one dimensional set of solutions so that, for instance, every angle can be expressed in terms ofâ 1 and θ i , i = 0 . . . 5 as follows:
Using the above relations, equation 15 reduces to an equation inâ 1 with θ i , i = 0 . . . 5 as parameters. Note that the complete structure corresponds to the case when all the above angles are π 4 . We claim now that there exist neighborhoods N of ( π 4 , 0, 0, 0, 0, 0, 0) ∈ R 7 and M of 0 ∈ R 6 together with a smooth map f : M → R such that:
To prove the claim it is sufficient to apply the Inverse Function Theorem to the hyper-surface of R 7 described by Equation 15 in the point ( π 4 , 0): indeed it is easy to check that the partial derivative of the l.h.s. of
The asymptotics of 6j-symbols
In this section we recall the definition of 6j-symbols of the standard representation theory of U q (sl 2 (C)). After reviewing the main known results on the asymptotical behavior of these objects, we calculate the asymptotical growth rate of the family of "hyperbolic" 6j-symbols. In the end of the section, we identify the asymptotic growth rate as the volume of suitable geometric objects.
3.1. Quantum objects. Let q be a complex variable and, for each n ∈ N let:
Definition 3.1. We say that a triple (i, j, k) of elements of N 2 is admissible if the following conditions are satisfied:
For each admissible triple of elements of N 2 let
For any 6-uple (i, j, k, l, m, n) of elements of N 2 such that the 3-uples (i, j, k), (i, m, n), (j, l, n) and (k, l, m) are admissible, we define its 6j-symbol as follows:
Remark that the above functions are meromorphic in q 1 2 ; infact they are "almost" rational functions of q 1 2 (they are not because of the square root in ∆(i, j, k)). Hence one can look at their Laurent series expansion around each point of C. (1) We say that θ is R-admissible if each of the following the 3-uples
satisfies inequality θ i + θ j > θ k and those obtained by permuting indices.
(2) We say that θ is of type Reshetikhin-Turaev if it is R-admissible and for each of the 4 R-admissible 3-uples (θ i , θ j , θ k ) the following is true:
We say that θ is of hyperbolic type if it is R-admissible and, for each of the 4 R-admissible 3-uples (θ i , θ j , θ k ) it holds: In what follows we will be interested in Question 1.4. For instance, if θ is of Reshetikhin-Turaev type, then for each n ∈ N the 6j-symbol corresponding to n θ 2 has no poles in q = exp( 2π √ −1 n ) and hence the zeroth order is the first one to be computed. Let θ be of Reshetikhin-Turaev type and let
, n ∈ N be a sequence of 6-uples of integers such that lim n→∞ b n i n = θi 2 : Theorem 3.4 (Taylor and Woodward, [28] ). Let T ( θ) be the spherical tetrahedron whose edge lengths are π 2 θ i , i = 0 . . . 5. There exists a family of continuous functions f n defined on the space of isometry classes of non-degenerate spherical tetrahedra such that the following holds:
Remark 3.5. We stated Taylor and Woodward's result in a very simplified way and not in its full generality: we strongly recommend the interested reader to refer to their original paper for a detailed statement.
It is worth remarking that a similar result for the asymptotical behavior of classical 6j-symbols and euclidean tetrahedra analysis has been proved by J. Roberts ([24] ) using completely different techniques.
3.2.
The asymptotic behavior in the hyperbolic case. Let us start by first recalling some classical results and definitions. For each x ∈ R let us define the Lobatchevskji function Λ(x) = − x 0 log(|2sin(s)|)ds; Λ(x) is analytic out of {πk, k ∈ Z} and π-periodic. The Lobatchevskji function is crucial to compute the volume of an ideal hyperbolic tetrahedron: Theorem 3.6 (Milnor, [15] ). Let T be an ideal hyperbolic tetrahedron having moduli z 0 , z 1 , z 2 .
The following lemma is the first contact point between hyperbolic geometry and quantum topology: roughly speaking it states that the "asymptotical behavior of quantum factorials is controlled by the Λ function".
Proof of 3.7. The first statement was proved by Garoufalidis and Le ([10], Lemma 4.1). The latter equality is a consequence of the former. Indeed, let us first note that
Moreover, ev n (n + j) = −ev n (j), ∀j ≤ n and so the above limit equals:
Then, we apply the first equality both to {n − 1}! and to {b n }! and we conclude since Λ(x) is π-periodic and Λ(0) = Λ(π) = 0.
3.7
The following result gives a first taste of how the asymptotical behavior of quantum objects is related to geometrical ones. Let (θ 0 , θ 1 , θ 2 ) ∈ [0, 2] 3 be an admissible triple satisfying the condition of point 3) of Definition 3.1 and, without loss of generality, let us suppose θ 0 ≤ θ 1 ≤ θ 2 ; let also (b n 0 , b n 0 , b n 0 ), n ∈ N be a sequence of 3-uples of integers such that lim n→∞ b n i n = θi 2 . Proposition 3.8. For sufficiently large n ∈ N the function (∆(b n 0 , b n 1 , b n 2 )) 2 has a pole of order 1 in q = exp( 2π √ −1 n ). Moreover, it holds:
is admissible and 2 b n n satisfies condition 3) of Definition 3.1. So, for n large enough, all the three factors in the numerator of ∆ 2 (b n 0 , b n 1 , b n 2 ) are quantum factorials whose argument is strictly less than n and their evaluation in q = exp( 2π √ −1 n ) is non zero. In contrast, for n large enough, the denominator is a quantum factorial whose argument is in the interval (n, 2n) and hence is a polynomial in q having a root of multiplicity 1 in q n = exp( 2π
Consequently, the function [n]∆ 2 (b n 0 , b n 1 , b n 2 ) has no poles in q n : we will now calculate the asymptotical behavior of its evaluation there when n → ∞. First of all let us note the following:
Now evaluating the r.h.s. in q n and applying Lemma 3.7 once per each factor in the numerator and once for the denominator divided by {n}, we get the thesis. 3.8 
3.9
We are now ready to calculate the full asymptotics of hyperbolic type 6j-symbol. For this, let us fix some notation: let θ ∈ [0, 2] 6 be a 6-uple of hyperbolic type. Let the "squares" of θ be
. Up to permuting the indices of θ by acting through the group of symmetries of a 6j-symbol (the symmetries of a tetrahedron), we will suppose w.l.o.g that 
For sufficiently large n, the 6j-symbol associated to b n has a pole of order 1 in q n = exp( 2π √ −1 n ), and the following holds:
Proof of 3.10. Let us first note that by hypothesis π < T i < 2π, ∀i and 0 < Q j −T i < π, ∀i, j. It is clear that g(x) > 0, ∀x ∈ (T, min(2π, Q 0 )), that lim x→T + g(x) = ∞ and lim x→min(Q0,2π) − g(x) = 0. Hence, since g is continuous on (T, min(Q 0 , 2π)), there exists z 0 ∈ (T, min(2π, Q 0 )) such that g(z 0 ) = 1. Moreover, it holds:
and, since Ctg(x − α) + Ctg(β − x) > 0, ∀x ∈ (α, β) whenever 0 < β − α < π, then g ′ (x) < 0, ∀x ∈ (T, min(2π, Q 0 )). This implies that the solution z 0 is indeed unique.
Let us now recall that the 6j-symbol associated to b n is the product of four ∆(b n i , b n j , b n k ) (for suitable choices of i, j and k) and of a sum of fractions whose numerator and denominator are quantum factorials. Moreover, for n big enough, Proposition 3.8 shows that each of the ∆ ′ s has a pole of order 1 2 
) and then the product of the four ∆ ′ s has a pole of order 2 in q n . The same proposition proves that the asymptotical behavior of the product of the four ∆ ′ s is given by the summand V in the r.h.s of the formula in the statement. To simplify the notation we set R n
. Observe that b n i , R n i , U n i represent the integer counterpart respectively of the entries, the squares and the triangles of θ, and that R n i ≤ R n j and U n i ≤ U n j if i < j. The remaining part of the 6j-symbol, let us call it Σ n , can be expressed as follows:
where z varies in the interval [U n , R n 0 ] ∩ N. Since by hypothesis π < T and Q i − T j < π, ∀i, j, for n big enough, it holds n < U n and R n i − U n j < n, ∀i, j. Hence, in particular, the argument of the quantum factorials in the denominator are all contained in the open interval (0, n) ∩ N. Moreover, for the same reasons, for n big enough, z + 1 > n, ∀z ∈ [U n , R n 0 ]. This implies that, when we evaluate in q n = exp( 2π √ −1 n ), we get no zeros in the quantum factorials in the denominator and at least one in {z + 1}!; moreover, since by hypothesis T < 2π, then for n big enough, U n < 2n and hence at least one of the summands has a zero of multiplicity exactly 1 at q n .
To summarize, Σ n for n large enough has a zero of order 1 at q n , and so, the whole 6j-symbol has a pole of order 2 − 1 = 1 at q n . Hence, by Proposition 3.8 it is sufficient to compute the following:
To do it, let us first concentrate on the signs of the evaluation of the summands of Σ n in q n : we claim that they are constant. Indeed, since the argument of the denominator of each summand of Σ n is less than n, its evaluation in q n is a positive real number. On contrast, if n < z + 1 < 2n,
[n] ) = 0. Hence, to summarize, the sign of each of the summands composing ev n ( Σn [n] ) is (−1) 1−n .
Since the signs are constant, in order to estimate the above limit, we will find the maximal term of the sum. This term has ratio bigger than 1 with the two adjacent terms, it is straightforward to check that it corresponds to the solution of the equation:
Setting y = πz/n, this can be rewritten as:
Arguing as for the first equation of the proof, we can prove that there exists a unique real y n solving the above equation and belonging to the interval (π U n n , π min(R n 0 ,2n−1) n ). Moreover, for n big enough |y n − nz 0 | < 1 4 and hence the maximal term is that corresponding z = nz 0 .
To conclude it is sufficient to apply Lemma 3.11 to the function:
defined on [T, min(2π, Q 1 )] and attaining its only maximum in z 0 . Note that the factor 2 in the statement of the Theorem is due to the fact that the limit considered has a factor of 2π n in front of the logarithm in contrast with the factor π n used in Lemma 3.11; differently, in the case of the summands coming from the ∆ ′ s, the factor 2 is annihilated by the square roots (compare with Proposition 3.8).
3.10 . For each n ∈ N and each i ∈ [na, nb] ∩ N, let a n i = exp( n π f (i/n)). The following holds:
Proof of 3.11. It is clear that a n i ≤ n(b − a)exp( n π f (x 0 )) and hence that lim sup
For each ǫ > 0 there exists a δ > 1 such that for each . We also remind that if a tetrahedron is proper then the sum of the three dihedral angles (computed through the hyperbolic metric on H 3 ) around each vertex is greater than π and, if it is hyperideal then it is less than π (see Theorem 2.2 of [9] for a proof of this statement). Let now T ( θ) be a tetrahedron whose dihedral angles are given by π − π 2 θ i , i = 0, . . . , 5. If θ is of Reshetikhin-Turaev type, T ( θ) is proper whilst if θ is hyperbolic then T ( θ) is hyperideal (beware: not all the tetrahedra in H 3 can be obtained that way from a θ of Reshetikhin-Turaev or hyperbolic type). dt. Using the equality Λ( x 2 ) = 1 2 Im(Li 2 (e ix )), ∀x ∈ R, one can check that f ( θ) = 2Im(V 1 ( θ)) (the two functions are obtained by maximizing the same function but expressed in two different ways and the factor 2 comes from the fact that we consider a factor of 2π instead of π in fron of the limits we compute). We stress that, since they were considering θ of Reshetikhin-Turaev type, in their case the asymptotical behavior of the associated 6j-symbols was not exponential and their derivation of f was based on an heuristic analysis of this asymptotical behavior; indeed, for Reshetikhin-Turaev θ ′ s, the correct asymptotical behavior has been analyzed by Taylor and Woodward (3.4) . In our case i.e. when θ is hyperbolic, T ( θ) is hyperideal and f is the correct limit for the limit considered in the statement. To conclude, recall that in [29] , A.Ushijima showed that f keeps providing the volume of 2T ( θ) also for hyperideal tetrahedra. where V ( θ) is as in Theorem 3.10 and C( θ) = Λ( π 2 (θ 0 + θ 4 + θ 5 − 1)) + Λ( π 2 (1 + θ 1 − θ 3 − θ 5 )) + Λ( π 2 (1 + θ 2 − θ 0 − θ 1 )) + Λ( π 2 (1 + θ 3 − θ 2 − θ 4 ))). Moreover, if the θ 0 = θ 3 = 1 and θ 2 + θ 4 + θ 5 − θ 1 = 2 then the above limit equals 2V ol(P ( θ)) = V ol(O( θ)); the same holds if θ 1 = θ 2 = θ 4 = θ 5 = 1.
Remark 3.14. In the last statement of Theorem 3.13, the choice of θ 0 and θ 3 was arbitrary: acting by isometries of the tetrahedron we could exchange them with any pair of parameters associated to opposite vertices; naturally also the equation θ 2 + θ 4 + θ 5 − θ 1 = 1 would change.
Remark 3.15. At first sight it could be surprising that the above limit can be expressed both in terms of hyperideal tetrahedra and ideal octahedra. This has been clarified by Doyle and Leibon ([8] ) who proved that 2V ol(T ( θ)) equals the sum of the volumes of a suitable pair of ideal hyperbolic octahedra whose angles are suitably calculated from θ. Moreover, they showed that the set of such suitable pairs is "very big": indeed it is acted on by a group of order 23040. This explains why the asymptotical growth rate of the same 6j-symbols can be interpreted both in terms of volumes of tetrahedra and in terms of volumes of ideal octahedra.
Proof of 3.14. By Theorem 3.10, we already know the value of the l.h.s of the above equality. Let us know compute V ol(P ( θ)); to do this, we triangulate it by adding the edge 03 and obtain 4 tetrahedra A = 0123, B = 0234, C = 0345 and D = 0135. Looking at the triangulation "from the cusp at the vertex 0" we see the configuration depicted in Figure 4 . The following system of equations summarizes all the conditions to be satisfied by the angles of A, B, C, D:
)â 0 +â 1 +â 2 = π 10)b 0 +b 1 +b 2 = π 11)ĉ 0 +ĉ 1 +ĉ 2 = π 12)d 0 +d 1 +d 2 = π 13) sin(â1)sin(b1)sin(ĉ1)sin(d1) sin(â2)sin(b2)sin(ĉ2)sin(d2) = 1 Indeed, the dihedral angles a 0 , b 0 , c 0 and d 0 are equal to those in the opposite edges and hence are fixed by the definition of P ( θ) (see Figure 3 ), the sums a 1 + b 2 , b 1 + c 2 , c 1 + d 2 , d 1 + a 2 (eqns. [5] [6] [7] [8] are equal to the corresponding dihedral angles of P ( θ) and the sum of the dihedral angles of each tetrahedron is π (eqns. 9-12). Moreover, the only compatibility equation for P ( θ) is a 0 b 0 c 0 d 0 = 1 which, expressed in terms of norms gives eqn. 13, and in terms of arguments giveŝ a 0 +b 0 +ĉ 0 +d 0 = 2π which is implied by eqns. 1-4. Hence it holds:
Note that in the above system, using eqns. 1)-12) we can express all the other variables in terms ofâ 1 and then we are left with equation 13). Now, to prove the first claim, we compare Theorem 3.10; we need to find a correspondence between the values Q i − z 0 , i = 1 . . . 3, z 0 − T j , j = 0, . . . 3 and 2π − z 0 and the angles of P ( θ). We do it explicitly as follows:
The reader can easily check that, with the above identifications,â 1 is a solution of equation 13 of the first system iff z 0 is a solution of:
This proves the first claim. Let us now suppose that θ 0 = θ 3 = 1 and that θ 2 + θ 4 + θ 5 − θ 1 = 2. By Corollary 3.9 V ( θ) = 0 because each of the four 3-uples over which is summed contains either θ 0 or θ 3 ; moreover also C( θ) = 0 because its summands are opposite in pairs and so the limit equals the V ol(P ( θ)). To conclude, we will now show that P ( θ) and O + ( θ) are isometric. To do it, it is sufficient to compare them in Figure 3 : 
Some recalls on universal hyperbolic links
In this section we recall some results on universal hyperbolic links and the formulas for their colored Jones polynomials. Definition 4.1. A universal hyperbolic link is a link L admitting a surgery presentation obtained as follows (see Figure 5 ):
(1) Consider a planar diagram of a 4-valent graph G embedded in R 3 , and T be a maximal subtree of G; (2) Replace each vertex of G by a diagram composed of six strands as shown in Figure 5 and each edge by a 3-braid; (3) Encircle each braid corresponding to an edge of G \ T by 0-framed meridians (in the figure T = ∅). The number of vertices of G is called the shadow-complexity of L and is denoted sc(L).
The following summarizes the properties of universal hyperbolic links: Thurston, [7] ). Let L be a universal hyperbolic link obtained from a graph G containing g vertices. Then:
(1) L is contained in N = #(g + 1) <S 2 × S 1 >;
(2) N \L can be equipped with a complete hyperbolic structure whose volume is 2gV ol Oct , where V ol Oct is the hyperbolic volume of a regular ideal octahedron ( hyperbolicity); Let from now on L = L 1 ∪ . . . ∪ L r be a universal hyperbolic link associated to a graph G with g vertices and let us color the components of L with complex numbers a i ; let moreover m i be the meridian of L i oriented arbitrarily. Let v 1 , . . . v g be the vertices of G and for each v i let a j (i), j = 0 . . . 5 be the colors associated to the 6 strands of L passing through v i disposed so that a j (i) and a j+3 (i) (mod 6) correspond to opposite strands. Let us denote (N \ L) a the (possibly non-complete) hyperbolic 3-manifold obtained by equipping N \ L with the hyperbolic structure such that, for each i = 1, . . . r, the holonomy of m i is conjugated to an upper triangular matrix whose eigenvalues are e ±(πiai−πi) . The following is a generalization of points 2) and 3) of Theorem 4.2: 4]), we know that there exists U such that for each a ∈ U there exists a unique set of geometric moduli (all having positive imaginary part) on T which match up to construct (N \ L) a . We claim that, for each O i , the moduli induced on the 8 tetrahedra composing it, are exactly those induced by the map φ of Theorem 2.4. Indeed, by construction, the moduli given by Choi's result induce on the meridians m i the dilation factors e (2πiai−2πi) ; the factor two comes from the passage from the holonomy matrix of m i to its dilation factor, which is effectively what is computed in Theorem 2.4. But, by construction, the cores of the cusps of each O i are isotopic in N \ L to the meridians of L and so, by the uniqueness statement of Theorem 2.4 we are done.
4.3
In [6] we showed how to extend the definition of colored Jones invariants to the case of links in #k <S 2 × S 1 >: in this case the resulting invariant has values in Q(q 1 2 ). More precisely, we used shadow-state sums (see [26] , Chapter X for a general reference) and defined the n th Jones invariant of a non colored link by coloring each component with the color (n−1) 2 and then normalizing it by the factor (−1) n−1 [n] k−1 ; the case of links colored by arbitrary half integers is a straightforward adaptation of our definitions with the only difference that we do not normalize. From now on, if b is a half-integer coloring of a link, we will denote J b the Jones invariant of the link colored by b; in particular for links in S 3 the standard non-normalized n th -Jones polynomial corresponds to our J n−1 2 . In the particular case of colored universal hyperbolic links, one can give an explicit formula for the Jones invariants as follows: 
where i ranges over all the vertices of G, b * (i) are the six colors of the strands of L passing near the i th vertex (so that b j (i) and b j+3 (i) correspond to opposite strands), and a 6j-symbol is 0 its entries are not admissible in the sense of Definition 3.1.
Remark 4.5. In the above discussion we did not mention the fact that links need to be framed in order for the Jones invariants to be defined. We did not because of the following two reasons:
• Changing the framing of a link changes its colored Jones invariants by multiplying it by a power of the variable, which, for the purposes of the study of the volume conjecture (and its versions) is not relevant. • If L is a universal hyperbolic link, it is possible to choose a framing on it such that its Jones polynomial is exactly that of Proposition 4.4.
Using the above proposition, in [6] , we proved the following:
Theorem 4.6. The (extended) Volume Conjecture is true for all the universal hyperbolic links. That, if L is a universal hyperbolic link, the following holds:
where the limit is taken over all the odd n ∈ N.
The Generalized Volume Conjecture
In [11] , S. Gukov proposed the following generalization of the Volume Conjecture for hyperbolic knots in S 3 : ). There exists a neighborhood U of 1 ∈ R such that for each a ∈ U ∩ R \ Q the following holds:
where V ol a (k) is the volume of the (non-complete) hyperbolic structure on S 3 − k such that the holonomy around the meridian of k is conjugated to a matrix whose eigenvalues are e ±(πia−πi) .
In the same paper the conjecture was proved for the Figure Eight knot; in [20] Murakami and Yokota provided a more general conjecture and proved it for the case of torus knots; no other proofs are known to us at present. Remark that the above conjecture uses the deformation parameter in order to change the point where the Jones polynomials are to be evaluated. This causes, in particular, that it is hard to imagine how to extend the above conjecture for the case of links. To do this, we now propose a different approach to the problem of deforming the evaluation and will show that the resulting conjecture is strictly related to Gukov's.
Remark 5.2. If f and g are meromorphic functions, then ev x (f g) = ev x (f )ev x (g), hence the Volume Conjecture (as well as Gukov's Conjecture and the extension of the Volume conjecture we proposed in [6] ), can be re-stated in terms of the evaluations ev n : the advantage of this approach is that one does no longer have to bother about the correct normalization for the Jones polynomials. Indeed all the normalizations used in the above conjectures are of the form [n] k (for suitable fixed k) and since lim n→∞ n −1 Log(|ev n ([n] k )|) = 0, they are not relevant in the limit. As a consequence, using ev n , the volume conjecture makes sense also for split links and, for these, it is implied by the volume conjecture for their single components. Definition 5.3. Let L ⊂ N = #k<S 2 × S 1 >, k ≥ 0 be a hyperbolic link with r components L 1 , . . . L r , and let m i , i = 1 . . . r be oriented meridians of L and let a ∈ R r + . We denote by (N \ L) a the hyperbolic manifold obtained by equipping N \ L with the structure such that the holonomy around m i is conjugated to an upper triangular matrix whose eigenvalues are e ±(πiaj −π) .
The topological Dehn filling corresponding to a is the topological space underlying the completion of (N \ L) a . We say that a is an irreducible coloring if its topological Dehn filling is an irreducible and boundary incompressible manifold.
Conjecture 5.4. Let L be a hyperbolic link as above. There exists a neighborhood U of 1 ∈ R r such that for each irreducible a ∈ U and for each sequence b n ∈ N r , lim n→∞ b n n = a 2 , the following holds: lim n→∞ 2π n Log(|ev n (J b n )|) = V ol((N \ L) a )
Remark that in Conjecture 5.4, the topological Dehn filling corresponding to a is the manifold obtained by erasing from L the components L i such that a i = 1 and considering the complement of the so-obtained link. Indeed, each cusp with a i = 1 creates a cone-angle singularity in the trivial topological Dehn filling, whilst if a i = 1 the cusp is kept unfilled. In particular, if L is a knot in S 3 the resulting manifold is S 3 if a = 1 and S 3 \ k otherwise and so the restriction to irreducible and boundary incompressible Dehn fillings is immaterial. In that case, one can compare Conjecture 5.4 with Gukov's conjecture and rely them using non-rigorous passages as follows: Proof of 5.5. Let G be a 4-valent graph used to construct L; G has g vertices and 2g edges. Let f be an edge and let L i , L j , L k be the (possibly not distinct) components of L passing over f . Since the meridians m i , m j and m k bound a thrice punctured sphere "lying over" f , if two (resp. three) between a i , a j and a k are not 1, the Dehn filling of L corresponding to a is boundary compressible (resp. reducible). Then we can suppose that for each edge of G two out of the three strands of L passing over it have color 1. This easily implies, around each vertex of G, there are 2 pairs of opposite strands whose color is 1. Now, we remark that since by hypothesis b n ∈ N, the 6-uples b n j (i), j = 0, . . . , 5 always satisfy condition 2) of Definition 3.1; moreover, for n large enough and a sufficiently near to 1 ∈ R r , they also satisfy condition 1). Now, by Proposition 4.4, it holds:
where the second equality follows from the very last statement of Theorem 3.13 and the last equality comes from the fact that the geometric structure of (N \ L) a is obtained by gluing the O-blocks as explained in Proposition 4.3. 5.5
